In the present work, a formula is provided for determining the idempotent elements of a commutative ring R from those of the quotient ring R/N , where N is in most cases a nilpotent ideal of R. As an application of this formula, idempotent elements of certain commutative rings are described. Several examples are included illustrating the main results.
Introduction
Idempotent elements of an algebra are a topic of considerable reseach with a variety of applications including (theoretical) physics and chemistry ( [5] , [7] , [16] , [11] ), econometrics and various areas of mathematics such as, representation theory involving the decompositions of modules [3] . Information theory is not the exception, and idempotent elements are of great importance, particularly in coding theory with error detecting-correcting linear codes whose alphabet is a finite (commutative) ring ( [2] , [4] , [6] , [9] , [12] , [14] , [15] ).
Determining the idempotent elements of an arbitrary ring is not an easy task in general. There are in the literature cases in which these elements have been obtained. For example, in [8, Proposition 7.14, pag.405] a method of constructing idempotent elements of a ring R from those of a quotient ring R/N where N is a nil ideal of R is given. A set of primitive idempotent elements are determined for the group algebra CG by using the group of characters of the group G ( [13] , Thm. 5.1.11, pag.185). This method can be interpreted in terms of the Discrete Fourier Transform. There are other cases in which a set of idempotent elements of a ring have been described. For example, in [15] the idempotent elements of F q [x]/ x n − 1 are determined by means of cyclotomic classes. In [6] these elements are given for the group algebra F q G by using the lattice of subgroups of the abelian group G where in both cases F q is a finite field with q elements. In [9] (see also [12] ) the idempotents of the algebra Z p k [x]/ x n − 1 are obtained by means of the irreducible factors of x n − 1, where Z p k is the ring of integers modulo p k with p a prime and k ≥ 1 an integer. In this manuscript, starting from the result [8, Proposition 7.14, pag.405] which lifts an idempotent element from a quotient ring to the ambient ring, under certain general conditions, a formula to determine the lifted idempotent which is simpler than the one provided in the mentioned reference is given (Thm. 3.3) . This result has several consequences, for instance the set of idempotent elements are determined in cases which include commutative rings containing a nilpotent ideal; commutative group rings RG, where the ring R contains a nilpotent ideal; commutative group ring RG where the ring R is a chain ring; and the commutative group ring Z m G.
The paper is organized as follows. In Section 2, basic facts about idempotent elements and for completeness the proof of [8, Proposition 7.14, pag.405] is included. In Section 3 the main result of this manuscript, Theorem 3.3, is presented. As consequence, the set of idempotent elements of several rings is determined in Section 4. Examples are included to illustrate the main ideas.
Basic facts
The starting point for the results presented in this manuscript is the following appearing in [8, Proposition 7.14, pag.405] on the construction of idempotent elements on a ring from those of a quotient ring. This result is recalled in the case of a commutative ring and the main steps of its proof are included. The interested reader can see further details in the mentioned reference.
Recall that an element e of a ring R is called idempotent if e 2 = e, and two idempotent elements e 1 and e 2 of a ring R are said to be orthogonal if e 1 e 2 = 0. An idempotent e ∈ R is primitive if it can not be written as a sum of two non-trivial orthogonal idempotent elements. Proposition 2.1. Let R be a ring, N a nil ideal of R andf = f + N an idempotent element of the quotient ring R/N. Then there exists an idempotent element e in R such thatē =f , where " " denotes the canonical homomorphism from R to R/N. Furthermore, if R is commutative, the element e is unique.
Proof: Sincef is idempotent, f 2 − f ∈ N and because N is a nil ideal, (
where
Since f n g n = 0 it follows that eh = he = 0 and since e + h = 1, e 2 = e and h 2 = h. From this it is easy to see that f 2n−1 ≡ e mod N and that f ≡ f 2 ≡ · · · ≡ f 2n−1 mod N from which it is concluded that e ≡ f mod N.
To prove the uniqueness consider the idempotent element of the form e + z with z nilpotent. The condition (e + z) 2 = e + z gives (1 − 2e)z = z 2 . Then z 3 = (1 − 2e)z 2 = (1 − 2e) 2 z and by induction, (1 − 2e) n z = z n+1 . Since (1 − 2e) 2 = 1 − 4e + 4e = 1, this implies that z = 0 and hence e + z = e.
Given an idempotent element f of R/N, if R is commutative, the unique element e ∈ R determined as in Proposition 2.1 will be called the lifted idempotent of f . Remark 2.2. The following observations are easy consequences of the previous result.
1. Iff 1 andf 2 are orthogonal idempotent elements of R/N, then the corresponding lifted idempotent e 1 and e 2 of R are also orthogonal. This follows from the fact that e 1 e 2 is an idempotent element in the nil ideal N.
2. Iff ∈ R/N is a primitive idempotent then the corresponding lifted idempotent e ∈ R is also primitive. In fact, if e is not primitive, orthogonal idempotent elements g, h exist in R such that e = g + h. Thenē =f =ḡ +h withḡ andh orthogonal idempotents in R/N, so either g = 0 orh = 0, i.e., g ∈ N or h ∈ N and the claim follows from the fact that N is a nil ideal.
3. From the previous claims it follows that if {f 1 , ...,f r } is a set of primitive orthogonal idempotent elements in R/N, the corresponding set {e 1 , ..., e r } of lifted idempotent elements of R has the same properties.
4. For a finite set X, |X| will denote its cardinality. For a commutative ring R, let E(R) denote the set of idempotent elements of R. Assuming the conditions of Proposition 2.1,
This follows from the fact that the canonical homomorphism from R onto R/N restricted to E(R) is a bijection onto E(R/N). The surjectivity follows from the construction of the idempotent element of R from an idempotent element of R/N, and the injectivity follows from the uniqueness of this construction.
A formula to compute lifted idempotents
In this section, under certain general conditions, a simple way to compute the lifted idempotent e off given in Proposition 2.1 is presented. More precisely, if a collection {N 1 , . . . , N k } of ideals of a ring R satisfies the CNC-condition (see Definition 3.2 below), the lifted idempotent e of the idempotent f + N 1 ∈ R/N 1 can be computed as a power of f in the ring R (see Theorem 3.3 below).
Proposition 3.1. Let R be a commutative ring and N a nilpotent ideal of index t ≥ 2 in R. Iff is an idempotent element in the quotient ring R/N and e the corresponding lifted idempotent element in R determined as in Proposition 2.1, then:
1. For any prime number p such that p ≥ t and for all n ∈ N, there exists r ∈ R such that (e + n) p = e + pnr.
2. If a natural number s > 1 exists, such that sN = 0, and all the prime factors of the number s are greater than or equal to the nilpotency index t of the ideal N, then the lifted idempoted e is e = f s .
3. In particular, when the nilpotency index of the ideal N is t = 2 and sN = 0 for some s ≥ 2, then e = f s .
Proof:
1. Since n t = 0 and e is an idempotent element in the ring R,
Since p is a prime number, p divides
2. Let {p 1 p 2 · · · p m } be the set of primes in the prime decomposition of the integer s. Sincef =ē, f = e + n for some n ∈ N, and since p 1 ≥ t, from item 1 of Observation 2.2, it follows that there exists r 1 ∈ R such that
Similarly, since p 2 ≥ t and p 1 nr 1 ∈ N, item 1 of Observation 2.2 implies that there exists
Continuing with this process r 3 , r 4 , · · · , r m ∈ R exists such that
In other words,
where h = nr 1 r 2 · · · r s ∈ N. Finally, since h ∈ N, and sN = 0, it follows that e = f s .
3. Observe that if the nilpotency index of the ideal N is t = 2, it is obvious that all prime factors of s are greater or equal to t = 2. Therefore the proof of this claim is an immediate consequence of item 2 of Observation 2.2.
The following definition will play an important role in the rest of the manuscript.
Recall that given an ideal N of the ring R and k > 1, N k denotes the ideal generated by all products x 1 x 2 · · · x k , where each x i ∈ N for i = 1, 2, ..., k. Definition 3.2. We say that a collection {N 1 , ..., N k } of ideals of a commutative ring R satisfies the CNC-condition if the following properties hold:
Nilpotency condition: for all
In addition, the prime factors of s i are greater or equal to t i .
The minimum number t i satisfying the nilpotency condition will be called the nilpotency index of the ideal N i in the ideal N i+1 . Similarly, the minimum number s i satisfying the characteristic condition will be called the characteristic of the ideal N i in the ideal N i+1 .
The nilpotency and characteristic conditions introduced above can be stated as follows:
a. The nilpotency condition is equivalent to the following: for all i = 1, 2, . . . , k − 1, the quotient N i /N i+1 is a nilpotent ideal of index t i in the ring R/N i+1 . In fact, if condition 2 is assumed to hold, then for all n 1 , n 2 , . . . ,
which implies that n 1 n 2 · · · n t i ∈ N i+1 . Thus any product of t i elements in the ideal N i are in the ideal N i+1 implying that N t i i ⊂ N i+1 . Therefore, condition 2 holds. b. The characteristic condition is equivalent to the following: for all i = 1, 2, . . . , k − 1, there exists a natural number s i ≥ 1 such that s i (N i /N i+1 ) = 0 in the ring R/N i+1 . In fact, if condition 3 holds, for all n ∈ N i , s i n ∈ N i+1 . Then
. Note that the characteristic s i of the ideal N i in the ideal N i+1 satisfies s i ≤ r i , where r i denotes the characteristic of the ring R/N i+1 . In fact, since for all
Now, we are in a position to give the following result.
Theorem 3.3. Let R be a commutative ring, {N 1 , N 2 , . . . , N k } be a collection of ideals of R satisfying the CNC-condition. If s i is the characteristic of the ideal N i in the ideal N i+1 and f + N 1 is an idempotent element of the ring R/N 1 , then
is an idempotent element of the ring R. Furthermore,
is an idempotent element of the ring
. Since N 1 /N 2 is a nilpotent ideal of index t 1 in the ring R/N 2 and s 1 satisfies the hypothesis of claim 2 of Proposition 3.1, it follows that f s 1 + N 2 is an idempotent element of the ring R/N 2 . From the isomorphism
it follows that (f
. Since N 2 /N 3 is a nilpotent ideal of index t 2 in the ring R/N 3 and s 2 satisfies the hypothesis of claim 2 of Proposition 3.1, f s 1 s 2 + N 3 is an idempotent element of the ring R/N 3 . Continuing with this process, since
is an idempotent element of the ring R/N i+1 . Finally, in the last step of the chain of ideals,
is an idempotent element of the ring R/N k = R.
From the ring isomorphism given in (3), it follows that
, and R is a commutative ring by Remark 2.2,
Therefore |E(R/N i )| = |E(R/N i+1 )|, for all i = 1, 2, 3 . . . , k − 1, and the claim is proved. 
appears naturally in the lifting process of the idempotent element f + N 1 ∈ R/N 1 . In addition, each homomorphism φ i of this chain induces a bijection when restricted to the set of idempotents elements E(R/N i+1 ), i.e.,
is bijective for i = 1, 2, ..., k − 1.
Remark 3.5. Under the conditions of Theorem 3.3, the set of idempotent elements E(R) of the commutative ring R is given by
Hence, in order to determine the idempotent elements of the ring R, it is necessary to have a collection {N 1 , N 2 , . . . , N k } of ideals of the ring R satisfying the CNC-condition together with all idempotent elements of the quotient ring R/N 1 .
Consequences and applications
In this section, by means of Theorem 3.3 the set of idempotent elements of a variety of cases which include: commutative rings containing a nilpotent ideal; commutative group rings RG, where R contains a nilpotent ideal; commutative group rings RG where R is a chain ring; the group ring Z m G, where Z m is the ring of integers modulo m. In each of these cases examples are included illustrating the results.
Commutative rings containing a nilpotent ideal
The following result describes the set of idempotent elements of a commutative ring R containing a nilpotent ideal N in terms of the idempotent elements of the quotient ring R/N. 
Since (N
. Hence, the collection B satisfies the nilpotency condition.
3. Since the ring R/N has characteristic s, there exists n ∈ N such that
and it follows that sN i ⊂ N i+1 for all i = 1, 2, 3, . . . , k − 1. In addition, all prime factors of s i = s are greater or equal to the nilpotency index t i = 2. It proves that the collection B satisfies the characteristic condition. Therefore, Theorem 3.3 implies that f s k−1 is an idempotent element of the ring R and |E(R)| = |E(R/N)|.
An immediate consequence of Proposition 4.1 is the following:
Corollary 4.2. Let R be a commutative ring, a ∈ R a nilpotent element of index k, and s > 1 the characteristic of the quotient ring R/ a . If f + a is an idempotent element of R/ a ,then
is an idempotent element of the ring R. Moreover, |E(R)| = |E(R/ a )|.
Proof: Since N = a is a nilpotent ideal of nilpotency index k in R, the result follows from Proposition 4.1
The following example illustrates the previous corollary.
where p > 2 is a prime and k > 1 a natural number. It is easy to see that a = p is a nilpotent element of index k in the ring
and the ring Z p [i] has characteristic s = p, Corollary 4.2 implies that
and 
Hence, the set of idempotents elements of the ring
Commutative group rings
In the following the set of idempotent elements for the group ring RG where R is a commutative ring containing a collection of ideals satisfying the CNC-condition and G a finite commutative group is determined. 
If t i denotes the nilpotency index of the ideal
proving that the collection B satisfies the nilpotency condition.
Since s i is the characteristic of the ideal
Now, since the collection {N 1 , N 2 , . . . , N k } satisfies the CNC-condition, it is obvious that all prime factors of the characteristic s i are greater or equal to the nilpotency index t i for all i = 1, 2, 3, . . . , k − 1. It proves that the collection B satisfies the characteristic condition.
From Theorem 3.3 and the isomorphism
it follows that f s 1 s 2 ···s k−1 is an idempotent element of the group ring RG, and |E(RG)| = |E((R/N 1 )G)|. 
Remark 4.7. The following collection of ideals
is important in the study of Reed-Muller codes over the finite field F p , p a prime, since for an integer
where RM ν (m, p) is the Reed-Muller code of order ν over the alphabet F p . Details can be found in [1] .
Corollary 4.8. Let R be a commutative ring, a be a nilpotent element of index k in R, G = {g 1 , g 2 , . . . , g n } a finite commutative group and s the characteristic of the quotient ring R/ a . If f + a G is an idempotent element of the group ring (R/ a )G, then
is an idempotent element of the group ring RG. Furthermore,
Proof: It is enough to observe that N = a is a nilpotent ideal of index k in R. The result follows from Corollary 4.5.
Commutative group ring RG with R a chain ring
Let R be a finite commutative chain ring and G a finite commutative group. It is well known that R contains a unique maximal nilpotent ideal N = a for some a ∈ R. If k denotes the nilpotency index of a, and p the characteristic of the (residue) field F = R/ a from Corollary 4.8, it follows that
Examples of finite commutative chain rings include the modular ring of integers R = Z p k , where p is a prime number and k > 1 is an integer. In this example, the maximal nilpotent ideal is N = p , p has nilpotency index equal to k in Z p k , and F ∼ = Z p . Thus,
When the group G is cyclic of order n, it is known that (7) can be written in the following equivalent form:
Another interesting class of chain rings are Galois rings which are of the form R = Z p k [x]/ q(x) where p is a prime number, k > 1 and q(x) is a monic polynomial of degree r whose image in Z p [x] is irreducible. In this example, the maximal nilpotent ideal is N = pR, p has nilpotency index equal to k in R, and F = R/N ∼ = F p r is the finite field of order p r . Thus,
Combining the theory of Ferraz and Polcino in [6] the results discussed above, it will be shown how to compute the idempotent elements in group rings Z p k G for certain commutative groups G. This is illustrated in the following examples.
Example 4.9. Let p = 5 and let G = C 7 = g = {e, g, g 2 , g 3 , g 4 , g 5 , g 6 } be the cyclic group of order 7 generated by g. From [6, Lemma 3] and [6, Corollary 4] it can be seen that the idempotent elements of the group algebra Z 5 C 7 are:
where for a subgroup H of G, the idempotent element H is defined by
Therefore, from (6), the idempotent elements of the group ring Z 5 3 C 7 are: 
where for a subgroup H of G, H = 1 |H| h∈H h.
Therefore, the set of primitive orthogonal idempotent elements of the group ring
i }, the other idempotents are obtained as a sum of the primitive orthogonal idempotent elements.
In general, for any k ∈ N, the set of primitive orthogonal idempotent elements of the group ring
Commutative group rings Z m G with G a commutative group
The previously discussed results for Z p k G can be extended to the group ring Z m G, where Z m is the ring of integers modulo m > 1, and G a finite commutative group. , the element e given by e = s 1 m 1 f
is an idempotent element of the group ring Z m G. Moreover,
Proof: From the Chinese Remainder Theorem (CRT),
×· · ·×Z p r j j and, therefore,
Iff i is an idempotent element of
is an idempotent element of the product ring given in (11) . Consequently, φ −1 (f
is an idempotent element of the group ring Z m G. Finally, from the CRT, e can be expressed in the form (9) . The equality (10) follows from Corollary 4.8 and (11).
The following result provides an alternative way to compute the idempotents of Z m G. 
is an idempotent element of the group ring Z m G. Therefore,
Proof: Iff i is an idempotent element of the group ring Z p i G for i = 1, 2, 3, · · · , j, from Theorem 4.11 it follows that
is an idempotent element of the group ring Z p 1 p 2 ···p j G. Observe that a = p 1 p 2 · · · p j has nilpotency index k in the ring Z m and Z m aZ m ∼ = Z a has characteristic a = p 1 p 2 · · · p j . Hence from Corollary 4.8, it follows that,
is an idempotent element of the group ring Z m G, proving (12) . Relation (13) also follows from Corollary 4.8.
It is worth noting that Theorem 4.11 can be extended to the group ring RG, where G is a finite commutative group and R = F q [x]/ m(x) , with F q a finite field with q = p s elements, and 
is an idempotent element of the group ring (F q [x]/ m(x) )G. Furthermore,
The proof of the former result is similar to the one given for Theorem 4. 2 , · · · , f α j j )) = e is an idempotent element in the ring RG. Finally, from the CRT, e can be expressed in the form (15) .
Next, Theorems 4.11 and 4.12 will be illustrated with examples. In example 4.13, the idempotent elements of the group ring Z 200 C 3 ∼ = Z 200 [x]/ x 3 − 1 are determined. In example 4.14, the idempotent elements of the group ring Z 936 (C 5 × C 5 ) are given. Here, C n denotes the cyclic group of order n. Example 4.13. Let R = Z 200 C 3 , where C 3 = g = {g 0 , g 1 , g 2 } is the cyclic group of order three. First note that the elements
are the 4 idempotent elements of the group ring Z 2 C 3 (the calculation of these idempotent elements can be done by hand). In addition,
are the 4 idempotent elements of the group ring Z 5 C 3 . In order to determine the idempotents elements of the group ring R, Theorem 4.11 or Theorem 4.12 are applied.
• In terms of Theorem 4.11: since m = 200 = 2 3 5 2 , p 1 = 2, p 2 = 5, m 1 = 5 2 and m 2 = 2 3 , so s 1 = 1 and s 2 = 22. Then, E(Z 200 C 3 ) = {25f 4 + 176g 5 : f ∈ E(Z 2 C 3 ), g ∈ E(Z 5 C 3 )}.
• In terms of Theorem 4.12: since m = 200 = 2 3 5
